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I. Introduction
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FIG. 4. Circuit used for casting expectation estimation as phase estimation. The eigenphases ±�0
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0
on |+ i can be used to determine the
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C. Generalised ↵-VQE

Finally we generalise VQE by using the result of §II B
to replace each expectation estimation sub-routine in the
standard VQE of Figure 1 by the ↵-QPE developed in
§IIA. A schematic of our generalised VQE is given in
Figure 5. Henceforth, we refer to generalised VQE run-
ning ↵-QPE as ↵-VQE.

Clearly, ↵-VQE still preserves the following three key
advantages of standard VQE because we only generalised
the expectation estimation subroutine. First, we can par-
allelise the expectation estimation sub-routines to multi-
ple quantum computers thereby reducing running time.
Second, robustness via self correction is preserved be-
cause ↵-VQE is still variational [6, 7]. Third, the vari-
ational parameter � can be classically stored to enable
straightforward re-preparation of | (�)i [32]. In the next
§III, we discuss ↵-VQE in comparison to VQE and QPE.

FIG. 5. Schematic of generalised VQE. Note that the � parameter

also a↵ects the implementation of ↵-QPE circuits through the presence

of R(�) and R(�)
†
in the S

0
operators involved (see Figure 4). When

↵ = 0, we are in the statistical sampling, or standard VQE, regime.

When ↵ = 1, we are in the phase estimation regime.

III. RESOURCE COMPARISONS

We reiterate that the advantage of ↵-VQE is its abil-
ity to perform expectation estimation in regimes laying

continuously between statistical sampling and phase esti-
mation. Neither edge regime is typically ideal: statistical
sampling requires N = O(1/✏2) samples whereas phase
estimation requires D = O(1/✏) coherence time. Each of
these two regimes has been criticised by the other in this
way by Ref. [11] and Ref. [3, 6] respectively, and com-
pared in this way in Ref. [32]. ↵-VQE can address such
criticisms/comparisons by choosing ↵ to trade o↵ N and
D according to given costs on each, as we exemplified
towards the end of §II A.
The resources required for one run of expectation es-

timation within VQE and ↵-VQE (arbitrary ↵, ↵ = 0,
↵ = 1) are compared in Table I. The comparison to QPE
is less straightforward. At a general level, QPE requires
greater depth at each repetition but few repetitions to be
confident that the ground state energy has already been
measured, even if the prepared state has only mild over-
lap with the ground state. This latter advantage owes
to the state collapse feature of QPE unavailable to VQE
or ↵-VQE (hence the need for a classical optimiser). We
only remark that the simple argument “QPE scales bet-
ter in ✏ against VQE” becomes weaker against ↵-VQE,
particularly because ↵-VQE may at least run under lim-
ited depth when QPE may not even run. Note that the
greater depth which QPE needs to run is not only due to
the scaling with ✏.
Concretely, consider the electronic Hamiltonian H,

written in second quantised form as:

H =
X

pq

hpqa
†
p
aq +

1

2

X

pqrs

hpqrsa
†
p
a†
q
aras, (10)

where the indices run over n introduced spin basis or-
bitals. With second order Trotter decomposition, imple-
menting c-exp(−iHt) for fixed t requires, at first count
[33], a circuit depth of O(n11) as follows: O(n4) from
the number of sub-terms in the second quantised form of
H (10), O(n) from the Jordan-Wigner transformation of
these sub-terms necessary to preserve Fermionic commu-
tation relations, and O(n6) from the Trotter decomposi-
tion [17]. Rapid progress has been made in reducing the
O(n11) depth scaling. However, the best known depth
Õ(n8/3) [8] using plane wave basis functions is still worse
than the best known depth for variational methods of
O(CR) ⌘ O(n) (which ↵-VQE retains because the over-
head, due to c-S0, of O(n) adds onto CR).
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FIG. 2. Circuit for Kitaev’s QPE. Here, |�i is an eigenstate of U

with eigenphase � (i.e. U |�i = e
i� |�i), |+i is the +1 eigenstate of

X, Z(✓) := diag(1, e
�i✓

), and measurement is performed in the X

basis. We refer to C1 and C2 as this circuit with ✓ = 0 and ✓ =

�⇡/2 respectively. To infer m bits of � with a constant probability of

success, C1 and C2 are each ran O(log(m)) times for j = m � 1, ...., 0

in that order. The total number of measurements is therefore N =

O(m log(m)) = Õ(m) and circuit depth is D = O(2
m
log(m)) = Õ(2

m
)

[16]. Writing m ⌘ log2(1/✏), where ✏ is the error in �, gives N =

Õ(log(1/✏)) and D = Õ(1/✏).

naive multiplication [19]. This follows from the additive
periodic structure of the multiplicative group (Z/FZ)⇤.

Under the framework of Kitaev’s QPE, Wiebe and
Granade [20] recently introduced a Bayesian QPE named
RFPE which we now modify to yield di↵erent sets of cir-
cuit and measurement sequences that can provide the
same precision ✏ with di↵erent (N,D) tradeo↵s. These
sets shall be parametrised by the ↵ 2 [0, 1]. The circuit
for RFPE, much like that for Kitaev’s QPE, is given in
Figure 3 below and the following presentation of RFPE
and our modification is broadly self-contained. For de-
tails, see the references cited.

To begin, a prior probability distribution P (�) of � is
taken to be normal N (µ,�2) (some justification is given
in Ref. [21] which empirically found that the posterior of
a uniform prior converges rapidly to normal). From the
RFPE circuit in Figure 3, we deduce the probability of
measuring E 2 {0, 1} is:

P (E|�;M, ✓) =
1 + (�1)Ecos(M(�� ✓))

2
, (3)

which enters the posterior by the Bayesian update rule:

P (�|E;M, ✓) / P (E|�;M, ✓)P (�). (4)

We do not need to know the constant of proportion-
ality to sample from this posterior after measuring E,
and the word “rejection” in RFPE refers to the rejection
sampling method used. After obtaining a number s of
samples, we approximate the posterior again by a nor-
mal with mean and standard deviation equal to that of
our samples (again justified as when taking initial prior
to be normal). The choice of s is important and s can
be regarded as a particle filter number, hence the word
“filter” in RFPE. We constrain our posteriors to be nor-
mal essentially because it allows for e�cient sampling in
the next iteration. For more details on s and rejection
filtering, see Ref. [20].

The e↵ectiveness of RFPE’s iterative update proce-
dure just described depends on controllable parameters
(M, ✓). A natural measure of e↵ectiveness is the expected
posterior variance, i.e. the “Bayes risk”. To minimise the
Bayes risk, Ref. [20] chooses M = d1.25/�e at the start

|+i Z(M✓) • E 2 {0, 1}

| i / UM

FIG. 3. Circuit for Rejection Filtering Phase Estimation (RFPE). The

notation follows that of Kitaev’s QPE in Figure 2. However, before each

iteration of this circuit, the choice of (M, ✓) can be classically calculated

so as to minimise the expected posterior variance (i.e. Bayes risk) after

measuring E.

of each iteration. However, the main problem is that
M can quickly become large, making the depth of UM

exceed Dmax. Ref. [20] solves this problem by simply
imposing an upper bound on M and we refer to this ap-
proach as RFPE-with-restarts. Here, we propose another
approach that chooses:

(M, ✓) = (
1

�↵
, µ� �), (5)

where ↵ 2 [0, 1] is a free parameter we impose. Moreover
at each iteration, we propose a new preparation of eigen-
state |�i, discarding that used at the previous iteration.
This requires the atypical ability to readily prepare an
eigenstate (see §II B). We name the resulting, modified
RFPE algorithm ↵-QPE and derive Proposition 1 stated
below in Appendix A. Unlike in Kitaev’s algorithm, “pre-
cision ✏” below is the expected posterior standard devia-
tion [22].

Proposition 1

For precision ✏, ↵-QPE requires:

N = f(✏,↵), (6)

D =
1

✏↵
, (7)

where the number of measurements and maximum co-
herent depth are given by N and D respectively and
the function f : R⇥ [0, 1] ! R is the defined as:

f(✏,↵) =

(
2

1�↵
( 1

✏2(1�↵) � 1) if ↵ 2 [0, 1)

4 log( 1
✏
) if ↵ = 1

. (8)

We now consider ↵-QPE under the constraint 1  D 
Dmax for some constant Dmax (i.e. D cost is zero until
some threshold Dmax when it becomes infinite). This is
experimentally realistic when Dmax equals the transverse
coherence time T2 and when it is realistic to approxi-
mate the standard e�t/T2 model for T2 coherence by a
step-function in t that jumps from full coherence to zero
coherence at t = T2.
Suppose we require precision ✏ 2 (0, 1) and wish to

minimise N . Then, because N = f(✏,↵) is an decreasing
function of ↵, the least N is attained at the maximal

This is the α-QPE circuit which is iterated to find 
an eigenphase �  of � . Before each iteration, the 
real tuple �  is chosen as �  where � , 
�  is the current mean and standard deviation on 
the Bayesian posterior of � .

Notation: � , �  is the �  �  
eigenstate, measurement in the �  basis.

ψ U
(M, θ) (1/σα, μ − σ) μ

σ
ψ

Z(Mθ) = diag(1, e−iMθ) | + ⟩ + 1 X
X

With �  defined by the right circuit, Knill et al. [2] 
showed that �  is always in a 50:50 superposition 
of two eigenstates of �  with eigenphases �  
respectively where � . 
Running α-QPE with this �  estimates the 
expectation value � . This differs from 
standard expectation estimation which uses 
statistical sampling. 

Notation: � , � .

U
|ψ⟩

U ± ϕ
ϕ = 2arccos( |1 + ⟨ψ |P |ψ⟩ | /2)

U
⟨ψ |P |ψ⟩

Π = I − 2 |0⟩⟨0 | R : |0...0⟩ ↦ |ψ⟩

Our
generalisation
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Algorithm Maximum coherent depth Non-coherent repetitions Total resources

VQE O(CR) O( 1
✏2
) O(CR

1
✏2
)

0-VQE O(CR + log n) O( 1
✏2
) O((CR + log n) 1

✏2
)

1-VQE O((CR + log n) 1
✏ ) O(log 1

✏ ) O((CR + log n) 1✏ )

↵-VQE O((CR + log n) 1
✏↵ ) O(f(✏,↵)) O((CR + log n) 1

✏↵ f(✏,↵))

TABLE I. Resource comparison of one expectation estimation subroutine within VQE, 0-VQE, 1-VQE, ↵-VQE. ✏ is the precision required for

the expected energy, CR is the state preparation depth cost, n is the number of qubits, and ↵ 2 [0, 1] is the free parameter that determines the

circuit depth of ↵-QPE. Note that 0-VQE would never be advantageous over VQE but is included for completeness.
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Resource
comparisons

Boxed in red: up to 
square root speed-up

The variational quantum eigensolver (VQE) is a 
hybrid quantum-classical algorithm typically used 
to approximate the ground energy of a Hamiltonian 
�  where �  are tensored Pauli operators. It 
is often compared with the quantum phase 
estimation algorithm (QPE). Idea: combine them!

Our work replaces the expectation estimation 
subroutine of VQE by a version of Bayesian QPE 
[1], which we name α-QPE, in order to reduce the 
subroutine’s run-time by up to a square root. This 
is possible by exploiting quantum coherence time.

H = ∑ aiPi Pi
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